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We propose a protocol to locally detect the Berry curvature of a three terminal Josephson junction with
a quantum dot based on a synchronic detection when an AC modulation is applied in the device. This local
gauge invariant quantity is expressed in terms of the instantaneous Green function of the Bogoliubov-de
Gennes Hamiltonian. We analyze the contribution to the Berry curvature from both the quasi-particle
excitations and the Andreev bound state levels by introducing an effective low-energy model. In addition,
we propose to induce topological properties in the junction by breaking time-reversal symmetry with a
microwave field in the non-resonant regime. In the last case, the Floquet-Andreev levels are the ones
that determine the topological structure of the junction, which is formally equivalent to a 2D-honeycomb
Haldane lattice. A relation between the Floquet Berry curvature and the transconductance of the driven
system is derived.
Introduction.– Multiply connected electronic networks
threaded by flux tubes have been proposed several years
ago as a platform to develop quantized adiabatic transport
properties intimately related to topological invariants [1]
with possible realizations in Josephson junctions [2]. More
recently, band structures of Andreev bound states (ABS) in
N -terminal Josephson junctions of conventional supercon-
ductors have been shown to host topological singularities
forN ≥ 4, such as zero-energy Weyl points, in the artificial
reciprocal lattice space defined by the N − 1-independent
superconducting phases [3,4]. Even more, when adding a
magnetic flux through the central region and hence break-
ing time reversal symmetry, tri-junctions may also real-
ize non-trivial topology [5,6]. The topological structure of
these devices can be probed by means of transconductance
measurements between two voltage biased terminals which
yields, at vanishing voltage, a quantized value proportional
to the first Chern number of the ground state [2,3,4]. This
global topological invariant involves an integral over phase
space of a gauge invariant geometric magnitude, the Berry
curvature. A non-zero Berry curvature manifests itself in
physical effects, such as anomalous velocities, regardless
if whether the Chern number is non-trivial [7,8]. In fact,
providing experimental tools to reconstruct maps of the
curvature has been a noteworthy work over the past few
years [9–11].
Manifestations of topology in Josephson junctions of
conventional superconductors are still an open case of
study. An interesting question to address is whether it is
possible to induce topological properties on a three termi-
nal device by introducing a periodic driving in the super-
conducting phases. Indeed, non-trivial Berry curvatures
can take place within the picture provided by the Floquet
states. The purpose of this work is then two-fold. First,
we propose an experimentally suitable protocol to locally
measure the Berry curvature of the ground state wavefunc-
QD
FIG. 1. General scheme of a three terminal Josephson junc-
tion with a quantum dot. Two of the superconducting phases
are changed in time by voltage biasing the leads or varying the
external flux in a ring setup.
tion of the junction. In order to do so, we exploit one of the
main advantages of these mesoscopic setups: the potential
to control the superconductor phases so as to perform local
transport measurements at each point of the artificial Bril-
louin zone. Secondly, we study the topology of Floquet-
Andreev bands in the large frequency limit and provide a
relation between their curvature and the transconductance
of a biased and periodically driven setup. This constitutes
a novel realization of the Haldane model in a solid state
device [12], becoming an alternative to previous achieve-
ments in cold atom systems [13].
Model Hamiltonian and synchronic measurement of the
Berry curvature.– We begin by studying a three-terminal
Josephson junction (3TJJ) with a quantum dot bearing a
single relevant level in the energy gap region of the su-
perconductor (see Fig. 1). Its Hamiltonian, neglecting
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2Coulomb interactions, can be written asH(t) = ∑
kσν
ξkνc
†
kσνckσν −∆∑
kν
(c†k↑νc†−k↓ν + h.c) (1)
+εd∑
σ
d†σdσ + ∑
kσν
(γνe−iϕν(t)/2d†σckνσ + h.c.),
where we defined ξkν = εkν − µ and the superconducting
phases have been gauged to the tunneling matrix elements
between the leads and the dot. Due to gauge invariance,
one of the phases is chosen to be zero without loss of gener-
ality. Even though the band structure of the ABS in equilib-
rium remains topologically trivial, its Berry curvature, de-
fined in the (ϕ1, ϕ2) plane is non-zero provided εd ≠ 0 due
to breaking of particle-hole symmetry. Our first approach is
to study the transport properties of the junction when mak-
ing adiabatic variations of the fluxes threading the nanos-
tructure. To this end, we use Keldysh formalism [14,15]
working in Nambu space, where the spinors in the leads
and the dot are defined as Ψ†kν(t) = (c†kν↑(t), c−kν↓(t))
and Ψ†d(t) = (d†↑(t), d↓(t)), respectively. The current
flowing into the reservoir lead ν can be expressed as
⟨φ0∣Jν(t)∣φ0⟩ = 2e
h̵
RTr[σzVˆνd(t)Gˆ<dν(t, t)] , (2)
where the trace is performed in Nambu space,[G<dν]αβ(t, t′) = i⟨φ0∣Ψ†αd (t′)Ψβν(t)∣φ0⟩ are the com-
ponents of the minor Green function at the link between
the dot and lead ν and the time dependent tunneling is
given by Vˆνd = γνeiϕν (t)2 (I+σz)/2−γνe−iϕν (t)2 (I−σz)/2.
In order to perform an adiabatic expansion we will work
in the Wigner representation of the two-time Green
functions: G˜(ω, tav) = ∫ ∞−∞ dtreleiωtrel Gˆ(t, t′), where we
introduced the relative time trel = t− t′ and the average one
tav = (t + t′)/2. Time derivatives of the latter are used as
a small parameter, making feasible a perturbation scheme.
The corrections up to first order of the current expectation
value are found to be [16]
⟨Jν(t)⟩=2e lim
t′−t→+{− ih̵∫ dω2piTr [∂H∂ϕν G˜c0]
−∑
ρ
∫ dω4piTr [νρG˜c−10 ∂G˜c0∂ϕν ⋅ G˜c−10 ∂G˜c0∂ϕρ ⋅ G˜c−10 ∂G˜c0∂ω ]ϕ˙ρ
⎫⎪⎪⎬⎪⎪⎭= 2e
h̵
∂εg(t)
∂ϕν
− 2e∑
ρ
Fgνρ(t)ϕ˙ρ(t), (3)
where G˜c0(ω, tav) = [ω −H(tav)]−1 is to be understood as
the causal Green function of the Hamiltonian defined in
Eq. (1) in the total adiabatic limit, that is to say, the propa-
gator that follows the perturbation instantaneously. In the
last equality we made the identification of the zeroth or-
der mean value of the current with the phase derivative of
the instantaneous ground state energy, along with the repre-
sentation of the Berry curvature of the ground state Fgνρ in
terms of the single-particle time ordered Green’s function
of the problem [17–19]. We therefore recover the results
discussed in Ref. [3] with the virtue of identifying a way
of obtaining adiabatic corrections, taking into account the
continuum states in full extent, without the need of work-
ing with the ground state-wave function.
The synchronic detection protocol to measure the Berry
curvature is based on performing a periodic modulation in
one of the fluxes that fixes the superconductors phase dif-
ference while keeping the other one constant. We take,
without loss of generality, ϕ1 = ϕ01 and ϕ2(t) = ϕ02 +
b sin(Vt). Assuming the amplitude of the driving field to
be small b≪ 1 and the adiabatic postulate to hold, the cur-
rent in lead ν = 1 takes the form
⟨J1(t)⟩≃ 2e
h̵
(∂εg
∂ϕ1
+ ∂2εg
∂ϕ2∂ϕ1
b sin(Vt))∣
ϕ0
− 2eFg12∣
ϕ0
bV cos(Vt) , (4)
where we neglected terms ofO(b2). Hence, the zeroth and
first order corrections are in quadrature with each other. A
synchronic filter of the current flowing into the reservoir
lead with the derivative of the signal can be performed,
leading to a local measurement of the Berry curvature,
since V
2pi ∫ 2piV0 ⟨Jˆ1(t)⟩ cos(Vt)dt = −eFg12∣ϕ0bV . (5)
In order to compare the full numerical results with a sim-
pler model, we introduce a low energy approximation of
the ABS [20–22], with an effective Hamiltonian given by
Hˆeff(ϕ)=−Gˆ−1dd(ω=0)=( εd ∑νΓνe−iϕν∑νΓνeiϕν −εd ) , (6)
where the anomalous on-site interaction is expressed in
terms of the hybridization Γν = −γ2νρ(εF )pi. This limit
is expected to be generally accurate whenever γν ≪ ∆,
so that the bound states possess less hybridization with the
continuum above the gap. It is then possible to define an
effective Berry curvature given by
F eff21 (ϕ) = 12pi hˆeff ⋅ (∂ϕ2hˆeff × ∂ϕ1hˆeff), (7)
with heff = (Γ0 + Γ1 cos(ϕ1) + Γ2 cos(ϕ2),Γ1 sin(ϕ1) +
Γ2 sin(ϕ2), εd) and hˆeff = heff/∣heff∣. Interestingly, the
Hamiltonian in Eq. (6) enjoys all the topological informa-
tion of a honeycomb lattice in a tight-binding description,
identifying ϕν = k ⋅aν with aν the displacements of a site
respect to its three nearest neighbors and 2εd the subblat-
ice energy difference. In what follows we perform an exact
calculation of the current as expressed in Eq. (2) taking
into account the perturbation to all orders by making use of
the time periodicity of the Green functions [16] and com-
pare its synchronic filter with the Berry curvature. In Fig.
2 results for a symmetric 3TJJ (γν = γ) are shown. The
dot spectral density Ad(ω) = −(1/pi)ITr(Grdd) is depicted
3FIG. 2. Upper panels show the dot spectral density in units of ∆
along ϕ = ϕ1 = −ϕ2 for a symmetric 3TJJ in equilibrium with
a hopping amplitude to the leads γ = 0.25∆ (I.a) and γ = 0.6∆
(II.a). The dot energy was taken to be εd = 0.1∆ in both cases.
Dashed lines indicate the dispersion of Andreev levels captured
by the infinite gap limit. Lower panels show the outcome of the
filter of the cos(Vt) component of the current flowing into the
biased lead ν = 1 obtained using Keldysh formalism (open cir-
cles) and its comparison with both the Berry curvature of the ex-
act Hamiltonian Fg21 [Eq. (3)] (solid line) and the one obtained
with Eq. (7) (triangles).
for different values of γ/∆ along the high-symmetry path
ϕ1 = −ϕ2, finding a good agreement with the bands of Hˆeff
(indicated with dashed lines) for γ = 0.25∆ [Fig. 2 (I.a)].
As expected, this description turns out to be insufficent for
γ = 0.6∆ [Fig. 2 (II.a)]. In both cases the dot energy is
εd = 0.1∆. Lower pannels show the filter of the current
flowing into the reservoir lead ν = 1 as obtained from Eq.
(5) and its comparison with both Fg21 [see Eq. (3)] and the
low energy approximation of this quantity given by the ef-
fective model F eff21 [Eq. (7)]. In the spirit of the adiabatic
approximation to be valid, the frequency was chosen to beV = 10−2∆ and the field amplitude b = 10−4∆. We observe
that the synchronic protocol gives a precise information on
the curvature of the Andreev bands captured by the low
energy theory even when the hybridization with the states
above the superconductor gap is relevant. We can com-
prehend this behavior by noticing that the Berry curvature
in this model is a low-energy localized quantity. In both
cases, even though the integral over the whole phase space
of the Berry curvature is zero, the current has a topological
Thouless contribution whenever the phases of the junction
are near the Dirac points.
This procedure can be done along the whole phase space,
so as to obtain a map of the Berry curvature with the
proposed transport measurement. In Fig. 3 we show
FIG. 3. (a) Synchronic filter of the of the current flowing into
the biased lead ν = 1 as obtained from Eq. (5) using Keldysh
formalism throughout the whole phase space. (b) Berry curvature
obtained within the low energy effective Hamiltonian describing
the infinite gap limit.
the comparison for an asymmetric junction with hoppings
γ1 = 0.3∆, γ2 = 0.5∆ and γ3 = 0.6∆ of the low en-
ergy model with the results of the finite-gap Hamiltonian
using Keldysh formalism. We find an excellent agreement
between both, that guarantees the validity of the approx-
imation given by Eq. (6). We thus conclude that the ef-
fect of the continuum states on the topological properties
of this model is negligible. It is worth emphasizing how-
ever, that our expression for the transconductance (second
term in Eq. (3)) reproduces the correct quantized average
value [23] even when the continuum does contribute as in
the model presented in Ref. [5].
Inducing topology by driving: Floquet-Andreev
physics.– When introducing a periodic driving that breaks
time reversal symmetry (TRS) into the three terminal
junction, the resulting Floquet system can have topological
properties which differ from the original one. This can
be engineered by introducing an “elliptically” polarized
driving [24] of the form δϕν(t) = A0 cos(Ωt + χν) with
χ1 − χ2 not a pi-multiple. The Floquet Hamiltonian of the
system is given by [HF ]mn = (H0 − mΩ)δmn + Um−n,
with H0 representing the undriven Hamiltonians of the
dot and leads and Um−n = 1/T ∫ T0 ei(m−n)ΩtU(t) the
m − n’th harmonic of the time-dependent tunneling. The
Floquet Green’s functions satisfy [ω − HF ]GF (ω) = I,
and its matrix elements can be used to reconstruct the full
two-time dependent original Green’s function
Gˇ(t, t′) = ∑
m,n
∫ Ω
0
dω
2pi
e−i(ω+mΩ)tei(ω+nΩ)t′GFmn(ω) (8)
In Fig. 4(a) we show the spectral density of the Floquet
Green’s function of the dot projected onto the zeroth replica
AFd = −(1/pi)ITr00[GFdd(ω)] for χ1 − χ2 = pi/2, εd = 0,
Ω = 0.4∆ and A0 = 0.8. In this case symmetric hoppings
γν = 0.25∆ were chosen and a representation along the
path ϕ2 = −ϕ1 is shown. The breaking of TRS removes
4FIG. 4. (a) Spectral density of the Floquet Green function of the
dot projected onto the zeroth replica for Ω = 0.4∆, A0 = 0.8
and εd = 0. (b) Zoom of the spectral density near zero energy,
a gap opens due to breaking of TRS. Dashed lines indicate the
dispersion relation of the Floquet eigenergies obtained within the
infinite gap approximation. (c) Berry curvature of the Floquet-
Andreev band in phase space with parameters as in (a). (d) Flo-
quet Chern numbers of the junction as a function of the polariza-
tion of the driving.
the degeneration at the diabolical Dirac points, producing
the appearance of a zero energy gap in the Floquet spec-
trum. In Fig. 3(b) we show a zoom of the spectral den-
sity near the Fermi level along with a comparison with the
Floquet eigenergies obtained from the effective low-energy
theory, expected to remain suitable for these parameters.
Indeed, since the energy of the microwave field is larger
than the bandwith of the Andreev bands the only relevant
topological change can take place at zero energy, since
no gaps at the first Floquet zone boundary (ε = ±h̵Ω/2)
can be present. On the other hand, the first Floquet repli-
cas of the Andreev band structure lie within the supercon-
ductors gap so that the continuum states will renormalize
only perturbatively the dispersion relation of the Floquet
bands at low energy. In Fig. 4(c) the Berry curvature of the
lower Floquet-Andreev band obtained with the driven e-
ffective model is shown. In this case both Weyl points con-
tribute with the same topological charge leading to a non-
trivial Chern number. Standard Brillouin-Wigner pertur-
bation theory yields, in this regime, a Haldane-like effec-
tive Floquet Hamiltonian on the projected zero photon sub-
space [25,26], with renormalized parameters of the form
ε̃d(ϕ0) = εd − teff sin(ϕ01 −ϕ02) sin(χ1 − χ2) , (9)
Γ̃1(2) = Γ1(2)J0(A0),
and teff = 4Γ1Γ2J21 (A0)/h̵Ω acting as a second neigh-
bor effective hopping in the previously mentioned honey-
comb lattice description. The Dirac points in the symmetric
model (Γν = Γ) are displaced from their original position
along the path ϕ̃02 = −ϕ̃01 such that cos(ϕ̃01) = −1/2J0(A0).
The topological phase diagram of the driven tri-junction
is shown in Fig. 4(d) as a function of polarization, which
measures the breaking of TRS. The dot energy has been
normalized to the value it takes when the gap closes for
“circularly” polarized driving.
A crucial issue concerns the possibility of following adi-
abatically the Floquet states in order to accurately probe
their properties. The equilibrium populations are strongly
modified whenever a gap opens in the spectrum so that
the most probable scenario is that the wavefunction at
these singular phases behaves as a superposition of Flo-
quet states, leading to a non-thermal occupation of the
Floquet bands. Nonetheless, if the phases of the super-
conductors are setup far away from the latter there is
a precise adiabatic connection between the unperturbed
Hamiltonian and the dressed Floquet-Andreev bands. We
now show that voltage biasing these adiabatically con-
nected states can provide information on the Berry cur-
vature of the Floquet bands. In order to do so we appeal
to the two-time formalism [27–29]. Under this formula-
tion, an extended Schro¨dinger equation is taken into ac-
count, [H(t, τ)− ih̵∂t]∣ψ(t, τ)⟩⟩ = ih̵∂τ ∣ψ(t, τ)⟩⟩, where
the time variable t is associated with the fast time-periodic
evolution of frequency Ω, while τ accounts for the slow
time dynamics generated by the bias voltages at the leads,
i.e. the phases are such that ϕν(t, τ) = θν(t)+φν(τ), with
θν(t) = A0 cos(Ωt + λν) and φν(τ) = ϕ0ν + 2eh̵ Vντ . The
notation ∣...⟩⟩ indicates that the two-time wavefunctions are
to be treated in a Hilbert space with the internal product⟨⟨ψα(τ)∣ψβ(τ)⟩⟩ = 1
T ∫ T0 ⟨ψα(τ, t)∣ψβ(τ, t)⟩dt. The adi-
abatic basis of the problem is the Floquet basis, meaning
that these are the states ∣uFβ (t, τ)⟩⟩ that satisfy the instan-
taneous Floquet equation [H(t, τ) − ih̵∂t]∣uFβ (t, τ)⟩⟩ =
εFβ (τ)∣uFβ (t, τ)⟩⟩, where β = 1,2 indexes the two bands of
the first Floquet zone with quasi-energies −h̵Ω/2 < εFβ <
h̵Ω/2. When treating the bias as an adiabatic perturbation
in the slow scale, the mean value of the current operator at
each lead is found to be
⟨⟨Jν⟩⟩α = 2e
h̵
∂εFα
∂ϕν
[φ(τ)] − 4e2
h̵
∑
ρ
FFανρ [φ(τ)]Vρ, (10)
where the first term corresponds to the adiabatic Floquet-
Josephson supercurrent and the second accounts for the
Berry curvature of the α-Floquet state
FFανρ = i[⟨⟨∂ϕνuFα ∣∂ϕρuFα ⟩⟩ − ⟨⟨∂ϕρuFα ∣∂ϕνuFα ⟩⟩]. (11)
We arrive to an expression for the currents with a transcon-
ductance term proportional to the gauge field, in analogy
with the results obtained for undriven setups in Ref. [3].
If incommensurate voltages were to be applied, so that the
entire phase space is probed after a considerable time, then
5Eq. (10) results in a topologically quantized transconduc-
tance since
∫
BZ
d2ϕ(2pi)2 ⟨⟨Jν⟩⟩α = −4e2h ∑ρ CFανρ Vρ, (12)
where CFανρ is the Chern number of the Floquet band α.
Conclusion.– We have proposed a protocol to perform
local measurements of the Berry curvature of the ground-
state wavefunction of Josephson junctions. This gauge in-
variant quantity [Eq. (3)] is obtained with the Feynman
propagator of the Hamiltonian which includes the quasi-
particle excitations and compared with a low energy ef-
fective model of the ABS spectrum. We found a good
agreement between both since the gauge field of the model
is localized at energies close to zero. On the other hand,
we have put forward a way of inducing topological prop-
erties on three terminal devices by introducing a periodic
driving that breaks time reversal symmetry and generates
dressed Floquet-Andreev bands with non-trivial Haldane-
like Chern numbers. We have proposed that the transcon-
ductance of the driven junction yields information of the
Floquet Berry curvature when voltage biasing states adia-
batically connected to the Floquet bands.
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SUPPLEMENTARY MATERIAL
1.Floquet-Dyson equations for green functions of periodically driven Hamiltonians.
The Green’s functions of a T -periodically-driven system depend on two independent time variables, even in the steady
state. The Dyson equation for the Green’s functions denoted in Keldysh representation is given by
Gˇ(t, t′) = gˇ(t − t′) + ∫ gˇ(t − t′′)V (t′′)Gˇ(t′′, t′)dt′′. (13)
In order to take advantage of the discrete time symmetry of the Hamiltonian, we introduce the Wigner-transformation,
defining the relative time trel = t− t′ and the average tav = t+t′2 . For an arbitrary Green’s function satisfying the periodicity
condition on each of its time arguments Gˇ(t, t′) = Gˇ(t + T, t′ + T ), its invariance on tav → tav + T is also guaranteed. We
can then write
Gˇ(t, t′)=∫ ∞−∞ dω2pie−iω(t−t′)G̃(ω, tav)=∑m∫ ∞−∞ dω2pie−iω(t−t′)e−imΩ (t+t′)2 G̃m(ω)=∑m∫ ∞−∞ dω2pie−iω(t−t′)e−imΩtG̃m(ω + mΩ2 ),
(14)
where in the last equality the change of variables ω → ω − mΩ
2
has been made. Making use of the property∫ ∞−∞ dω2pi e−iω(t−t′)G̃m(ω + mΩ2 ) = ∑n ∫ Ω0 dω2pi e−i[ω+nΩ](t−t′)G̃m(ω + mΩ2 + nΩ), we get
Gˇ(t, t′) = ∑
m,n
∫ Ω
0
dω
2pi
e−i[ω+nΩ](t−t′)e−imΩtG̃m(ω+mΩ
2
+nΩ) = ∑
m,n
∫ Ω
0
dω
2pi
e−i(ω+mΩ)tei(ω+nΩ)t′ G̃m−n(ω+(m + n
2
)Ω).
(15)
The Floquet representation of the Green’s function is then defined in terms of the Wigner oscillating modes as [30]
Gmn(ω) = G̃m−n(ω + (m + n
2
)Ω). (16)
In the case of the Wigner representation,
G̃n(ω) = ∫ ∞−∞ dtrel 1T ∫ T0 dtavGˇ(t, t′)eiωtrel+inΩtav , (17)
which depends only on one index n, the frequencies aren’t restricted. On the other hand, in the Floquet representation
the range of ω is restricted in the “Brillouin zone”, −Ω/2 < ω ≤ Ω/2, to avoid overcounting. In fact, taking the definition
given by Eq. (16)
Gmn(ω) = ∫ ∞−∞ dtrel 1T ∫ T0 dtavGˇ(t, t′)ei(ω+mΩ)te−i(ω+nΩ)t′ , (18)
6it’s easy to check that Gmn(ω + lΩ) = Gm+l,n+l(ω). The advantage of the Floquet representation of the Green’s functions
relies on the preservation of the multiplication structure in convolution products:
C(t, t′) = ∫ dt′′A(t, t′′)B(t′′, t′)=∫ dt′′∑
m,l
∑
k,n
∫ Ω
0
dω
2pi∫ Ω0 dω′2pi e−i(ω+mΩ)tei(ω+lΩ−ω′−kΩ)t′′Aml(ω)ei(ω′+nΩ)t′Bkn(ω′)
= ∑
m,n
∑
l
∫ Ω
0
dω
2pi
e−i(ω+mΩ)tei(ω+nΩ)t′Aml(ω)Bln(ω)
⇔Cmn(ω)=∑
l
Aml(ω)Bln(ω). (19)
We are now in position to rewrite the Dyson equation [Eq. (13)], taking into consideration the fact that a function that
depends only on the relative time t − t′ is block diagonal in the Floquet representation. For example, the unperturbed
equilibrium Green’s function can be written as
gˇ(t−t′)=∫ ∞−∞ dω2pi e−iω(t−t′)g̃(ω) =∑m∫ Ω0 dω2pi e−i[ω+mΩ](t−t′)g̃(ω+mΩ)=∑m,n∫ Ω0 dω2pi e−i(ω+mΩ)tei(ω+nΩ)t′ g̃(ω+mΩ)δmn,
(20)
meaning that gmn(ω) = g̃(ω +mΩ)δmn. Expressing V (t′′) in its Fourier components as V (t′′) = ∑l e−ilΩt′′Vl, Eq. (13)
in Floquet representation takes the formGmn(ω) = g̃(ω +mΩ)δmn +∑
l
g̃(ω +mΩ)Vm−lGln(ω), (21)
that is to say, a simple matrix product G(ω) = g(ω) + g(ω)V G(ω), (22)
where Vml = Vm−l = 1T ∫ T0 V (t)ei(m−l)Ωtdt. In this way, the problem of finding the Green’s function has been reduced to
an algebraic expression with the matrices defined in an infinite spanned space. Note that if we write the Dyson equation
(13) as [i∂t −H(t)]Gˇ(t, t′) = δ(t − t′), (23)
withH(t) =H0+V (t) andH0 satisfying (i∂t−H0)gˇ(t−t′) = δ(t−t′), then the Green’s function in Floquet representation
is such that [ω −HF ]G(ω) = I, (24)
with [HF ]mn = (H0 −mΩ)δmn + Vm−n the Floquet Hamiltonian.
2. Expression for the currents in a periodically driven multi-terminal Josephson junction.
The Hamiltonian of interest in Nambu representation has the form
Hˆ(t) =∑
kν
Ψˆ†kνHˆkνΨˆkν + Ψˆ†dHˆdΨˆd +∑
kν
(Ψˆ†dVˆdν(t)Ψˆkν + Ψˆ†kν Vˆνd(t)Ψˆd), (25)
where
Hˆkν = ( εkν −∆ν−∆ν −εkν ) , Hˆd = ( εd 00 −εd ) , Vˆdν(t) = ⎛⎝ tνe−i
ϕν (t)
2 0
0 −tνeiϕν (t)2 ⎞⎠ (26)
The current flowing into the lead labeled by ν is expressed as
⟨Jˆν(t)⟩ = −e i
h̵
⟨[Hˆ(t),∑
kσ
c†kνσckνσ]⟩ = i eh̵∑kσ (tνeiϕν (t)2 ⟨c†kνσ(t)dσ(t)⟩ − tνe−iϕν (t)2 ⟨d†σ(t)ckνσ(t)⟩) (27)
Taking into account the definitions of the propagators
Gˆ<dν(r = 0, t, t′) = i∑
k
( ⟨c†kν↑(t′)d↑(t)⟩ ⟨ckν↓(t′)d↑(t)⟩⟨c†kν↑(t′)d†↓(t)⟩ ⟨ckν↓(t′)d†↓(t)⟩ ) (28)
Gˆ<νd(r = 0, t, t′) = i∑
k
( ⟨d†↑(t′)ckν↑(t)⟩ ⟨d↓(t′)ckν↑(t)⟩⟨d†↑(t′)c†kν↓(t)⟩ ⟨d↓(t′)c†kν↓(t)⟩ ) ,
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⟨Jˆν(t)⟩ = e
h̵
Tr{σz(Vˆνd(t)Gˆ<dν(r = 0, t, t) − Vˆdν(t)Gˆ<νd(r = 0, t, t))} = 2eh̵ RTr{σz(Vˆνd(t)Gˆ<dν(r = 0, t, t))}, (29)
where in the last equality the fact that Vˆdν(t) = Vˆ †νd(t) and Gˆ<νd(r = 0, t, t) = −Gˆ<†dν(r = 0, t, t) has been used. In this
problem the time periodicity has been gauged to the superconductor phases ϕν(t) = ϕ0ν +bν cos(Ωt+χν). The DC current
at each lead is calculated as
⟨JˆDCν ⟩ = 2eh̵ 1T R∫ T0 Tr{σz(Vˆνd(t)Gˆ<d,ν(r = 0, t, t))}dt. (30)
Making use of the Floquet representation of the Green’s function it can be written as a trace that only takes into account
the zeroth order replica in the infinite matrix representation:
⟨JˆDCν ⟩ = 2eh R∑n,l ∫ Ω0 Tr{σz(Vˆνd,n−lG̃<dν,l,n(r = 0, ω))}dω (31)
= 2e
h
R∑
n,l
∫ (n+1)Ω
nΩ
Tr{σz(Vˆνd,n−lG̃<dν,l,n(r = 0, ω − nΩ))}dω
= 2e
h
R∑
n,l
∫ (n+1)Ω
nΩ
Tr{σz(Vˆνd,n−lG̃<dν,l−n,0(r = 0, ω))}dω
= 2e
h
R∑
n,l
∫ (n+1)Ω
nΩ
Tr{σz(Vˆνd,0,lG̃<dν,l,0(r = 0, ω))}dω = 2eh R∑l ∫ ∞−∞ Tr{σz(Vˆνd,0,lG̃<dν,l,0(r = 0, ω))}dω
In general, the m oscillating mode of the current, ⟨Jˆmν ⟩ = 1T ∫ T0 eimΩt⟨Jˆν(t)⟩dt can be obtained as
⟨Jˆmν ⟩ = eh∑l ∫ ∞−∞ Tr{σz(Vˆνd,m,lG̃<dν,l,0(r = 0, ω) + Vˆ ∗νd,−m,lG̃<∗dν,l,0(r = 0, ω))}dω. (32)
In order to calculate G̃<dν,m,n(r = 0, ω) we will make use of the Floquet-Dyson equation [Eq. (22)] in matrix form. The
unperturbed Green’s functions of the dot and the superconducting leads in this representation are given by
g̃r,add,mn(ω) = δmn ( 1ω+nΩ−εd±iη 00 1
ω+nΩ+εd±iη ) (33)
g̃r,aνν,mn(r = 0, ω) = δmnρ(εF )pi√
∆2ν − (ω + nΩ ± iη)2 ( −(ω + nΩ ± iη) ∆ν∆ν −(ω + nΩ ± iη) )
and the minor functions are simply g̃<dd,mn(ω) = −δmnf(ω + nΩ)[g̃rdd,nn(ω) − g̃add,nn(ω)] and g̃<νν,mn(ω) = −δmnf(ω +
nΩ)[g̃rνν,nn(ω) − g̃aνν,nn(ω)] with f(ω) the Fermi distribution function. The matrix elements of the perturbation are
Vˆdν,mn = ( tν(−i)m−nJm−n( bν2 )ei(−ϕ0ν/2+(m−n)χν) 0
0 −tν(i)m−nJm−n( bν2 )ei(ϕ0ν/2+(m−n)χν) ) , (34)
where Jm−n( bν2 ) corresponds to them−n-th Bessel function of the first kind. Applying the Langreth’s rules, the equation
of motion for G̃<dν(r = 0, ω) is
G̃<dν(r = 0, ω) = G̃rdd(ω)Vˆdν(ω)g̃<νν(ω) + G̃<dd(ω)Vˆdν(ω)g̃aνν(ω) (35)= G̃rdd(ω)Vˆdν(ω)g̃<νν(ω) + G̃rdd(ω)Σ̃<dd(ω)G̃add(ω)Vˆdν(ω)g̃aνν(ω), (36)
and the retarded propagator is given by
G̃rdd(ω) = [g̃r−1dd(ω) − Σ̃rdd(ω)]−1. (37)
The dot self-energies are very simple in this case, where the superconductors are treated in BCS mean field theory:
Σ̃<,r,add (ω) =∑
ν′
Vˆdν′ g̃<,r,aν′ν′ (ω)Vˆν′d. (38)
83. Two time formalism: Quasi-periodically driven Hamiltonians and separation of time scales.
When the Hamiltonian of interest is not strictly periodic the (t, t′) method, also referred in the literature as the two-time
formalism is a useful approach [27–29]. It consists of an extension of the Schro¨dinger equation that explictly separates
two time scales [i∂t + i∂τ ]Ψ(t, τ) =H(t, τ)Ψ(t, τ). (39)
The physical state is recovered by equating both times Ψ(t) = Ψ(t, τ)∣
t=τ , since
i∂tΨ(t) = i∂tΨ(t, τ)∣
t=τ + i∂τΨ(t, τ)∂τ∂t RRRRRRRRRRRt=τ (40)= i∂tΨ(t, τ)∣
t=τ + [H(t) − i∂τ ]Ψ(t, τ)∣t=τ=H(t)Ψ(t).
We will take into account that the Hamiltonian preserves its time periodicity in the t variable, while changing slowly in
time with τ . Treating the bias as an adiabatic perturbation, the initially occupied Floquet state evolves in time as
∣ψα[t,ϕ(τ)]⟩⟩ ≈ e−i ∫ τ εα(τ ′)dτ ′eiΓα(τ)⎡⎢⎢⎢⎢⎣∣φFα [t,ϕ(τ)]⟩⟩ − ih̵∑β≠α
⟨⟨φFβ [ϕ(τ)]∣∂τφFα [ϕ(τ)]⟩⟩
εα[ϕ(τ)] − εβ[ϕ(τ)] ∣φFβ [t,ϕ(τ)]⟩⟩
⎤⎥⎥⎥⎥⎦, (41)
where Γα(τ) = i ∫ τ ⟨⟨φFα (τ ′)∣∂τ ′φFα (τ ′)⟩⟩dτ ′ is the Berry phase of the state α. It is understood that ∣∂τφFα [ϕ(τ)]⟩⟩ =∑ν ∣∂νφFα [ϕ(τ)]⟩⟩ϕ˙ν(τ). This approximation is expected to remain accurate as long as V /min∣ε1(ϕ) − ε2(ϕ)∣ ≪ 1.
Making use of the fact that
⟨⟨φFα (τ)∣Jˆν(τ)∣φFβ (τ)⟩⟩ = 2eh̵ ⟨⟨φFα (τ)∣∂HˆF (τ)∂ϕν ∣φFβ (τ)⟩⟩ (42)
and the validity of the Hellman-Feynman theorem for the Floquet states defined within the FFZ,
⟨⟨φFα ∣∂HˆF∂ϕν ∣φFβ ⟩⟩ = ∂εα∂ϕν δαβ + ⟨⟨φFα ∣∂ϕνφFβ ⟩⟩(εβ − εα), (43)
the mean value of the current operator at each lead under the approximation of Eq. (41) can be expressed as the sum of
two contributions:
⟨Jˆν[ϕ(τ)]⟩α = ⟨⟨ψα(τ)∣Jˆν(τ)∣ψα(τ)⟩⟩ = 2e
h̵
∂εα
∂ϕν
[ϕ(τ)]− i2e∑
ν′
⎡⎢⎢⎢⎢⎣⟨⟨∂ϕνφFα ∣∂ϕν′φFα ⟩⟩− ⟨⟨∂ϕν′φFα ∣∂ϕνφFα ⟩⟩
⎤⎥⎥⎥⎥⎦ϕ˙ν′ . (44)
4. Winding number in terms of the Green functions of a non-interacting Hamiltonian.
The currents flowing into the leads of an N-terminal Josephson junction in the adiabatic regime carry information on the
Berry curvature of the ground state of the system. In order to calculate this magnitude taking into account the quasi-particle
excitations of the continuum we appeal to the winding number
N2 = 1
8pi2 ∫ d2ϕdωTr[ijGt−1∂ωGt ⋅ Gt−1∂ϕiGt ⋅ Gt−1∂ϕjGt], (45)
with Gt the time ordered Green’s function of the complete Hamiltonian. This correlator can be written in Lehmann
representation as
Gt(ω,ϕ) =∑
n
∣n⟩⟨n∣
ω − (En(ϕ) − εF ) + iηsgn(En(ϕ) − εF ) . (46)
In order to manipulate the expression defined by Eq. (45) we will make use of the derivative of the inverse of an operator
∂kA
−1 = −A−1 ⋅ ∂kA ⋅A−1, which in our case traduces to the relations
∂ωGt = −Gt ⋅ Gt (47)
∂ϕiGt = Gt ⋅ ∂ϕiH ⋅ Gt.
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N2 = − 1
8pi2 ∫ d2ϕdωTr[ijGt ⋅ ∂ϕiH ⋅ Gt ⋅ ∂ϕjH ⋅ Gt] (48)= − 1
8pi2
∑
m,n
∫ d2ϕdωij ⟨n∣∂ϕiH∣m⟩⟨m∣∂ϕjH∣n⟩[ω − (En(ϕ) − εF ) + iηsgn(En(ϕ) − εF )]2[ω − (Em(ϕ) − εF ) + iηsgn(Em(ϕ) − εF )] .
The integral over frequencies can be done by looking at the poles of the ingrand. It has a simple pole and one of second
order with residues:
Res[ω(1)p = Em − εF − iηsgn(Em(ϕ) − εF )] = − 18pi2 ∑m,n∫ d2ϕij ⟨n∣∂ϕiH∣m⟩⟨m∣∂ϕjH∣n⟩[Em −En]2 (49)
Res[ω(2)p = En − εF − iηsgn(En(ϕ) − εF )] = 18pi2 ∑m,n∫ d2ϕij ⟨n∣∂ϕiH∣m⟩⟨m∣∂ϕjH∣n⟩[Em −En]2
The integral is finite if and only if sgn(En(ϕ) − εF ) ≠ sgn(Em(ϕ) − εF ). Suming up the contributions where En < εF
& Em > εF and viceversa we finally obtain
N2 = i
2pi
∑
mdesocc
nocc
∫ d2ϕij ⟨n∣∂ϕiH∣m⟩⟨m∣∂ϕjH∣n⟩[Em −En]2 = 12pi ∑nocc∫ d2ϕFnij(ϕ) = ∑noccCn, (50)
which means that the kernel of the invariant, the Berry curvature of the ground state, can be generally writen as
Fgij = 14pi ∫ ∞−∞ dωTr[ijG(0)−1∂ϕiG(0) ⋅ G(0)−1∂ϕjG(0) ⋅ G(0)−1∂ωG(0)]. (51)
In our particular case, this “generalized” Berry curvature can be written in terms of the Green’s functions calculated at the
link of the dot and the superconducting leads. In fact, the quantity of interest is found to be
∑
nocc
Fnµρ(ϕ)= 14pi ∫ dωµρTr[∂ωGtdµ∂Vµd∂ϕµ Gtdρ∂Vρd∂ϕρ + ∂ωGtρµ∂Vµd∂ϕµ Gtdd∂Vdρ∂ϕρ + ∂ωGtdd∂Vdµ∂ϕµ Gtµρ∂Vρd∂ϕρ + ∂ωGtρd∂Vdµ∂ϕµ Gtµd∂Vdρ∂ϕρ ],
(52)
where the trace is in Nambu space.
5. Wigner representation and adiabatic expansion of the Green’ s functions.
In general, the adiabatic expansion can be done directly on the Green’s function of the Hamiltonian. We’ll begin with
the equation of motion of the Green’s functions
[i∂t −H(t)]G(t, t′) = δ(t − t′) + ∫ dt1Σ(t, t1)G(t1, t′), (53)
whereH(t) is a one-particle time dependent “solvable” hamiltonian and Σ(t, t1) is the self-energy. The approach is based
on the separation of slow and fast timescales in the Dyson equation by taking advantage of the Wigner representation.
Under this formalism, two time variables, the relative time trel = t − t′ and the average one tav = t+t′2 are handled. Time
derivatives of the former are used as a small parameter, making feasible a perturbation scheme. The Wigner representation
is given by
G(t, t′) = ∫ ∞−∞ dω2pi e−iω(t−t′)G̃(ω, tav)G̃(ω, tav) = ∫ ∞−∞ dtreleiωtrelG(t, t′). (54)
In what’s next we will take into account that ∂t = 12∂tav + ∂trel and make use of the Moyal product ⋆ for the convolution of
two functions
∫ ∞−∞ eiωtrelA(t, t1)B(t1, t′)dtrel = e 12i [∂Atav∂Bω −∂Aω ∂Btav ]Ã(ω, tav)B̃(ω, tav) = Ã(ω, tav) ⋆ B̃(ω, tav) (55)
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Eq. (53) can be written to all orders as [31][ω + i
2
∂tav − e 12i∂Gω∂HtavH(tav)]G̃(ω, tav) = I + e 12i [∂Σtav∂Gω−∂Σω ∂Gtav ]Σ̃(ω, tav)G̃(ω, tav), (56)
where we applied the following manipulation
∫ ∞−∞ eiωtrelH(tav + trel/2)G(tav + trel2 , tav − trel2 )dtrel = ∫ ∞−∞ eiωtrele trel2 ∂HtavH(tav)G(tav + trel2 , tav − trel2 )dtrel= ∫ ∞−∞ e 12i∂ω∂HtaveiωtrelH(tav)G(tav + trel2 , tav − trel2 )dtrel= e 12i∂Gω∂HtavH(tav)G̃(ω, tav). (57)
We are interested in a first order approximation, where both the Green’s functions and the selfenergy are perturbed up
to first derivatives of the average time. In that case, Eq. (56) is given by[ω+ i
2
∂tav−H(tav)− 12i∂tavH(tav)∂ω]G̃(ω, tav)=I+Σ̃(ω, tav)G̃(ω, tav)+12i(∂tavΣ̃(ω, tav)∂ωG̃(ω, tav)−∂ωΣ̃(ω, tav)∂tav G̃(ω, tav))
(58)
Introducing a series expansion for the Green function as well as for the selfenergy G̃(ω, tav) = ∑n G̃(n) and Σ̃(ω, tav) =∑n Σ̃(n) we can obtain the system of equations[ω −H − Σ̃(0)]G̃(0) = I (59)
[ω −H − Σ̃(0)]G̃(1) = Σ̃(1)G̃(0) + 1
2i
∂tavH∂ωG̃(0) + 12i∂tav G̃(0) + 12i(∂tavΣ̃(0)∂ωG̃(0) − ∂ωΣ̃(0)∂tav G̃(0)), (60)
where the arguements (ω, tav) are omitted for the sake of brevity. Solving Eq. (59) and replacing into Eq. (60) we getG̃(0) = [ω −H − Σ̃(0)]−1 (61)
G̃(1) = G̃(0)Σ̃(1)G̃(0) + 1
2i
G̃(0)⎡⎢⎢⎢⎢⎣(I − ∂ωΣ̃(0))G̃(0), (∂tavΣ̃(0) + ∂tavH)G̃(0)
⎤⎥⎥⎥⎥⎦, (62)
where [., .] is the commutator. We’ve also used the properties of the derivatives of inverse functions ∂λA−1 =−A−1∂λAA−1, meaning in this case that
∂ωG̃(0) = −G̃(0)[I − ∂ωΣ̃(0)]G̃(0) (63)
∂tav G̃(0) = G̃(0)(∂tavΣ̃(0) + ∂tavH)G̃(0) (64)
In BCS approximation the Hamiltonian is quadratic, so the junction can be treated with a one particle scheme, meaning
the interacting selfenergy is zero. The mean value of a single particle operator Oˆ(t) = ∑αβ Ψˆ†β(t)OβαΨˆα(t) is given by⟨φ0∣Oˆ(t)∣φ0⟩ = lim
t′−t→+∑
αβ
Oβα⟨φ0∣Ψˆ†β(t′)Ψˆα(t)∣φ0⟩ = −i limt′−t→+∑
αβ
OβαGαβ(t, t′) = −i lim
t′−t→+ Tr[OG(t, t′)] (65)
By writing Eq. (65) in Wigner represention and expanding the Green’s function up to first order we obtain⟨O(t)⟩ ≃ −i lim
t′−t→+∫ ∞−∞ dω2pi Tr[OG(0)] + limt′−t→+∫ ∞−∞ dω4pi Tr[∂tavHG(0)O∂ωG(0) −OG(0)∂tavH∂ωG(0)]. (66)
By specifying O as the current operator Jµ = 2e∂ϕµH and using that limt′−t→+ ∂tavH = ∑ν ∂ϕνHϕ˙ν(t), we get that the
first order correction to the current is given by
⟨J (1)µ (t)⟩ = 2e∑
ν
∫ ∞−∞ dω4pi Tr[νµ∂ϕνHG(0)∂ϕµH∂ωG(0)]ϕ˙ν(t) (67)
= −2e∑
ν
∫ ∞−∞ dω4pi Tr[µνG(0)−1∂ϕµG(0) ⋅ G(0)−1∂ϕνG(0) ⋅ G(0)−1∂ωG(0)]ϕ˙ν(t) (68)= −2e∑
ν
Fµνϕ˙ν(t), (69)
where in the last equality we used the invariant defined in Eq. (51).
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